The electrical transport properties of a MoGe thin film with a honeycomb array of nanoscale holes are investigated. The critical current of the system shows non-matching anomalies as a function of applied magnetic field, which enables us to distinguish between multi-quanta vortices trapped in the holes and interstitial vortices located between the holes. The number of vortices trapped in each hole is found to be larger than the saturation number predicted for an isolated hole and shows a nonlinear field dependence, which is due to the caging effect as predicted from the Ginzburg-Landau (GL) theory. Our experimental results are supplemented by numerical simulations based on the GL theory.
Subjected to an external drive, quantized magnetic flux lines (vortices) in type-II superconductors start to move, resulting in energy dissipation in the system. Their motion can be prevented by introducing pinning. It has been found that a periodic pinning landscape [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] leads to strong commensurability effects which appear when the number of vortices equals an integer (n) multiple of the number of pinning sites (i.e., at fields H = nH 0 with H 0 the first matching field where the number of vortices equals the number of pins), resulting in peaks in, e.g., the critical current as a function of applied magnetic field. However, at larger magnetic fields the pinning centers become repulsive potentials for the incoming vortices, resulting in excess vortices, located preferentially at the interstitial sites between the pinning centers, forming different type of ordered vortex configurations [12] [13] [14] [15] [16] . The interstitial vortices can be highly mobile and lead to strong reduction of the critical parameters of the system. In a superconducting film containing an array of holes the maximal number of vortices trapped by each hole in the absence of interstitial vortices is responsible for many phenomena and is a crucial quantity for the understanding of several superconducting properties. For example, it was found that the saturation number (i.e., the maximal number of pinned vortices per hole) controls the crossover between different pinning regimes [3, 4] and helps to understand the magnetic field dependence of the magnetization of a patterned superconducting film [3] .
By considering the interaction between a single vortex and an isolated columnar defect of radius R ≪ λ, Mkrtchyan and Shmidt [17] (see also Ref. [18] for the extension of their work) established that the saturation number is given by n si ∼ = R/2ξ(T ) with ξ(T ) the temperature dependent coherence length. However, this expression can underestimate the saturation number for an array of holes where the interaction between vortices needs to be considered [7, 16] . Indeed, careful analysis within the Ginzburg-Landau (GL) theory shows that [19] for an array of dense pinning centers the saturation number for a defect with a radius of the order of ξ becomes
2 due to vortex-vortex interactions. Moreover, computer simulations reveal that interstitial vortices exert pressure on the pinning centers [16, 20, 21] , forcing additional vortices into the holes. Namely, interstitial vortices appear at lower magnetic fields, but as the vortex-vortex interaction increases at higher fields, vortices with more flux quanta start to form at the pinning sites [16, 20, 21] .
Experimentally, various techniques such as ac susceptibility measurements [7] and scanning Hall-probe microscopy [13] have been applied to determine the saturation number in a superconducting film containing an array of holes with lattice spacing of 1.5 µm and the values were found to be consistent with those predicted for an isolated pinning defect. On the other hand, scanning tunneling microscopy (STM) imaging shows an increase of the vorticity of the multi-quanta vortices in the hole after interstitial vortices were observed [22] , reveal- ing the effect of vortex-vortex interaction, on the saturation number [16, 19] . In fact, the lattice spacing (500 nm) of the hole-array in the latter case is 3 times smaller than that for samples studied in Refs. [7, 13] , leading to higher vortex density and larger vortex-vortex interaction. Furthermore, the saturation number for a holearray most likely equals the one for an isolated hole if the first appearance of interstitial vortices is used as a criterion [7, 13] .
Here we present results of transport measurements and computer simulations to address the saturation number issue for a superconducting film containing a regular array of holes. We study the transport properties of superconducting thin films with a honeycomb array of holes, which is constructed from a triangular array by removing 1/3 of the holes (see Fig. 1 ). In honeycomb pinning arrays, the interstitial regions are large, providing a unique platform to investigate the contribution of interstitial vortices to the trapping of vortices in the holes. As discussed below, in this system commensurate pinning enhancement may not occur at magnetic fields H/H 0 = n but rather at H/H 0 = n + 1/2, which is clearly distinguished from the pinning phenomena of triangular and square arrangements of pinning centers. In the latter cases the commensurate pinning effect is typically more pronounced at magnetic fields H/H 0 = n than at H/H 0 = n + 1/2. This specific feature of the honeycomb array helps us to distinguish between multiquanta vortex pinning in the holes and interstitial vortex pinning from an analysis of the transport data.
Superconducting systems with a honeycomb arrangement of pinning centers have attracted considerable interest in recent years. For example, extensive molecular dynamics simulations have been conducted in recent years [21] , which revealed remarkable variety of static and dynamic phenomena at integer and noninteger fillings. Experimental studies have also been performed recently, showing unusual features of such superconducting systems such as guided vortex motion [23] [24] [25] [26] . In combination with computer simulations, we reveal that interstitial vortices appear once the saturation number n si predicted for an isolated defect is exceeded. With further increasing the magnetic field, more vortices can indeed be trapped by each hole, with the maximal number approaching n sa . We observed a stronger pinning at magnetic fields H/H 0 = n + 1/2 than at H/H 0 = n, where n is an integer and larger than n si . This observation directly reveals the caging effect, i.e. the interstitial vortices are pinned by a confining caging potential exerted by vortices trapped in the holes.
Experiments were carried out on MoGe thin films, which are known for having extremely weak random pinning [27] , with a honeycomb array of holes of diameter a and spacing d (see Fig. 1 ). Films of thickness 20 nm were sputtered from a Mo 0.79 Ge 0.21 alloy target onto a silicon substrate with 200-nm-thick oxide layer. The deposition system had a base pressure of 2×10 −7 Torr and the argon-gas working pressure was maintained at 3 mTorr during the sputtering. Photolithography was used first to pattern the samples into a microbridge of 50 µm wide. A honeycomb array of circular holes with desired diameters was fabricated through focused-ion-beam (FIB) milling (FEI Nova 600, 30 KeV Ga + , 10-20 nm beam diameter) into the sections between the two voltage leads which are 50 µm apart. Since the film is only 20 nm thick, through-holes could be conveniently achieved. Transport measurements were carried out using a standard dc fourprobe method with a Physical Property Measurement System (PPMS-9, Quantum Design, Inc). We investigated samples with the same separation of holes d = 150 nm, but for different diameters of the hole a. Here we present the results for samples with a = 30 nm (sample A) and 77 nm (sample B). The criterion 0.9R n , with R n the normal state resistance, gives us the zero-field critical temperature T c0 of the samples 5.3 K and 5.7 K, respectively for sample A and B. Zero temperature coherence length ξ(0) and the penetration depth λ(0) were estimated to be equal to 6 nm and 400 nm, respectively.
The magnetic field dependence of the critical current for sample A is presented in Fig. 2 . As expected, commensurate pinning enhancement is observed at H = H 0 = 700 Oe when each hole gets one flux quantum. With further increasing the magnetic field, however, no commensurate pinning enhancement can be identified at H = 2H 0 . Instead, a peak in the critical current can be clearly seen at H = 2.5H 0 . As presented in Fig. 3 for sample B which has bigger holes, a similar effect can also be identified at H = 3H 0 and H = 3.5H 0 .
It is contrary to conventional behavior that the commensurate pinning enhancement is absent at an integer matching field and that it instead occurs at the following half-integer matching field. Experimental results similar to those observed in our sample B were reported for a superconducting Nb film with a honeycomb array of blind holes with a hole-spacing of 400 nm and a diameter of 270 nm, where the absence of the peak in the critical current at H = 3H 0 was attributed to a special arrangement of vortices in the holes and that the pinning enhancement at H = 3.5H 0 is due to a caging effect [25] . Interestingly, our sample B with through-holes and the Nb films with blind holes have the same estimated saturation number n si = 2 in the experimental temperature ranges. As presented below, however, our analysis indicates that vortices start to occupy the interstitial sites once n si is reached. That is, the absence of the peak in the critical current at an integer matching field (e.g., 2H 0 for sample A and 3H 0 for sample B) is due to the high mobility of interstitial vortices. This provides a convenient way to identify vortex phases with and without interstitial vortices, enabling the determination of the maximal number of vortices trapped in the holes prior to the presence of interstitial vortices and of the increased vorticity of the multi-quanta vortices at higher magnetic fields. In order to visualize the vortex arrangements at various magnetic fields, we conducted simulations for the ground state vortex configurations within the GL theory by numerically solving the time-dependent GL equation (in the zero electrostatic potential gauge):
Here, the distance is measured in units of the coherence length ξ, the vector potential A in c /2eξ, and the order parameter ψ in √ α/β with α and β being the GL coefficients. χ is the random force to simulate fluctuations [28] . We consider a very thin (thickness t ≪ ξ, λ) superconducting sample with 90 holes of diameter a arranged in a honeycomb array of period d in the presence of a uniform perpendicular magnetic field H. Due to the small thickness of the sample we neglected demagnetization effects, i.e., the magnetic field inside the sample is equal to the applied one A = (−Hy/2, Hx/2, 0). Following the numerical approach of Ref. [28] , we discretized Eq. (1) using the finite difference technique on a uniform 2D Cartesian grid (with grid spacing 0.2ξ). Superconductingvacuum boundary condition (−i∇ − A)ψ| n is used at the sample edges and at the boundaries of the holes. Ground state vortex configurations are obtained in field cooled simulations starting from different random initial conditions for a given magnetic field.
We start by considering first sample A with small size holes a = 30 nm so that only one vortex can be pinned by the holes at small magnetic fields. As illustrated in Fig.  2 , a peak observed at the first matching field H 0 = 700 Oe is due to the complete filling of the holes by vortices (see panel 1). I c decreases with increasing magnetic field due to the appearance of interstitial vortices (panel 2). This is in spite of the fact that interstitial vortices tend to arrange into a triangular lattice, i.e., the overall vortex lattice is triangular at H = 1.5H 0 (panel 2). I c decreases until H = 2H 0 (panel 3), after which a small increase in I c is found due to the nonsymmetric pressure of the interstitial vortices on the pinned ones. With further increasing the field the critical current increases again reaching a maximum at fractional matching field H = 2.5H 0 (point 4). This is due to the caging effect as predicted previously [16, 29] . The caging potential is created by the increased number of pinned vortices, which interact with the interstitial vortices repulsively. Our simulations show that the number of pinned vortices (in half of the holes) increases from 1 to 2 when the field increases from H = 2H 0 to H = 2.5H 0 (see panels 3 and 4) (while the number of interstitial vortices remains the same), which is the ideal case for the caging effect. Although, not pronounced, this effect can be observed at larger magnetic fields (see panels 7 and 8).
As predicted by both the saturation numbers n si and n sa for an isolated defect and for an defect array, respectively, larger holes should be able to accommodate more vortices. This in fact is confirmed by the experimental results in our sample B where the holes have a diameter a = 77 nm with an estimated saturation numbers n si = 2. The results from our computer simulations, given in panels 1 and 2 of Fig. 3 , indicate that all vortices are trapped in the holes at the field up to 2H 0 . At fields larger than the second matching field interstitial vortices appear restoring the triangular arrangement of vortices (panel 3). With further increasing the field, extra vortices are pushed into the holes (panel 4) which shifts the peak in the critical current to a fractional matching field (see point 4 in the main panel). This is again the caging effect we discussed in the preceding paragraph. Such commensurability effects at half-integer matching fields are observed for vortex densities up to the seventh match- ing field with multiple pinned vortices at the interstitials (see panels [5] [6] [7] [8] [9] . Note that matching effects become more pronounced at higher temperatures (see red open squares in the main panel of Fig. 3 ). Summarizing, we studied the transport properties of MoGe thin film samples with a honeycomb array of holes in the presence of a perpendicular magnetic field. Due to the known properties of the honeycomb arrangement of pinning centers, as well as with the help of numerical simulations within the GL theory, we were able to identify the signatures that distinguish between multiquanta vortex pinning in the holes and interstitial vortex pinning. Our work shows that in a superconducting film containing a regular array of holes vortices will locate at the interstitial sites once the saturation numbers n si predicted for an isolated hole is exceeded. However, the number of vortices trapped by the holes will continue to increase with increasing magnetic field and approach the saturation number n sa predicted for a hole-array. In the latter case the interstitial vortices will push additional vortices into the holes. This increase of vorticity of the flux trapped in the holes and their interaction with interstitial vortices can induce novel phenomena such as the caging effect and result in an enhanced pinning strength at higher magnetic fields.
